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We consider classical billiards in plane, connected, but not necessarily bounded
domains. The charged billiard ball is immersed in a homogeneous, stationary
magnetic field perpendicular to the plane. The part of dynamics which is not tri-
vially integrable can be described by a “bouncing map.” We compute a general
expression for the Jacobian matrix of this map, which allows us to determine
stability and bifurcation values of specific periodic orbits. In some cases, the
bouncing map is a twist map and admits a generating function. We give a
general form for this function which is useful to do perturbative calculations and
to classify periodic orbits. We prove that billiards in convex domains with suf-
ficiently smooth boundaries possess invariant tori corresponding to skipping
trajectories. Moreover, in strong field we construct adiabatic invariants over
exponentially large times. To some extent, these results remain true for a class
of nonconvex billiards. On the other hand, we present evidence that the billiard
in a square is ergodic for some large enough values of the magnetic field.
A numerical study reveals that the scattering on two circles is essentially chaotic.

KEY WORDS: Billiards; magnetic field; twist map; integrability; adiabatic
invariant; ergodicity.

1. INTRODUCTION

We consider the classical motion of a particle of mass m and charge ¢ in
a plane domain Q. A homogeneous, stationary magnetic field B perpen-
dicular to the plane makes the particle move on arcs of Larmor radius u.
Whenever it encounters the boundary, the particle is reflected specularly.
This problem was first considered by Robnik and Berry.!!5 !4

One point of interest in such models is the problem of integrable versus
ergodic behavior of Hamiltonian systems. In zero field, we know examples
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of integrable billiards (elliptic or rectangular boundary) as well as ergodic
ones (dispersive Sinai billiards, Bunimovich stadium; see, for instance,
ref. 7). Since it is unlikely that integrability is stable with respect to pertur-
bation by a magnetic field, B is a natural parameter for studying the transi-
tion from order to chaos. One question is whether the billiard can become
globally ergodic in strong enough field.

Another motivation for studying magnetic billiards is connected to the
problem of quantum chaos. Recently, it has become possible to create
mesoscopic systems where the electrons’ motion is essentially ballistic.’”
Behavior of some macroscopic observables, like the susceptibility, can be
surprisingly complicated''®’ and may be related to classical dynamics. In
order to be able to apply semiclassical methods like trace formulas, it is
desirable to have a good knowledge of classical periodic orbits and their
stability, at least perturbatively.

This paper is organized as follows. In Section 2, we give a more precise
definition of the billiard flow and boundaries considered. The interesting
part of dynamics can be described by a bouncing map T, defined in Sec-
tion 3, where we also give an exact expression for the Jacobian matrix
of T. In some cases, T is a twist map and admits a generating function G.
In Section 4, we give an exact expression of G, and we discuss its physical
interpretation and its practical applications.

Our main analytical results are contained in Section 5, where we con-
sider billiards with smooth, convex boundaries. Using perturbative techni-
ques, we analyze different quasiintegrable limits. In Section 5.2, we prove
the existence of invariant curves for all values of the magnetic field. These
quasiperiodic trajectories correspond physically to diamagnetic currents
along the boundary. Our KAM-type result generalizes the well-known
theorem of Lazutkin® on the existence of caustics near the boundary, in
the zero-field case. The magnetic field, however, breaks the symmetry
between the forward and backward skipping orbits, and at intermediate
values of the field, only one kind of skipping orbit is present. In Section 5.3,
we analyze the strong-magnetic-field limit. We compute an expansion of
the bouncing map in powers of the Larmor radius and construct an
adiabatic invariant on a time scale growing exponentially with the
magnetic field when the boundary is analytic. At low order, this adiabatic
invariant coincides with the one derived by Robnik and Berry. In order to
construct the invariant, we derive a theorem on a class of maps of the
annulus, which may be of interest in a broader context. Section 7 is devoted
to its proof.

In Section 6, we study billiards which may show an important chaotic
component, because of singularities in the boundary (polygons) or because
of a negative curvature. It turns out that the properties of billiards in
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convex domains can be to some extent generalized to billiards with concave
boundary. In general it seems that billiards in a magnetic field are of the
mixed type (invariant tori and chaotic components coexist). A possible
exception is the case of the square at some particular values of the
magnetic field, where we present an analytical argument and numerical
evidence for a completely chaotic motion.

2. DEFINITION OF THE BILLIARDS

Let O be a connected domain in R2 We assume for simplicity that the
boundary 0Q consists of simple, closed, piecewise C? curves of total length
|0Q]|, although some of our results may be extended to more general cases.
Several of them, however, need a higher degree of differentiability, which
will be clearly indicated on the spot.

The boundary is parametrized with the curvilinear abscissa or
arclength s:

X(s)=(X(s), Y(s5)), ds’=dX*+dY?,  se[0,]0Q|) (1)
The unit tangent and normal vectors and the (signed) curvature are given
by
t(s)=(X'(s), Y'(5)) =(cos t(s), sin z(s))
n(s)=(—Y'(s), X'(s))

1
p(s)
Parametrization is chosen in such a way that n is always oriented toward
the interior of Q (see Fig. 1). In this way, the curvature is positive for a
convex boundary. We suppose x{s) to be defined and continuous
everywhere but on a set E, of punctual values of s. The vectors t and n are

undefined on a set £, c E,.
Inside @, the billiard flow is given by the Lagrangian

d
x(s) =Z§= X'(s) Y"(s)— X"(s) Y'(s) =

L(x, X) = $mx* + g(x | A(x)), A(x)=(—3B, 3xB) (3)
The resulting motion is simply circular uniform, with Larmor radius

mv  (2mE)‘\?
p= ) (4)
lgB| lgBI
where speed v = [X| and energy F are constants of motion. We adopt the sign
convention ¢B <0, which implies that the particle turns counterclockwise,
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(b)

t

Fig. 1. Examples of billiard domains Q, with tangent and normal vectors to the boundary
dQ: (a) bounded domain, (b) unbounded domain.

and we take some characteristic length of the billiard as a length unit, so
that x4 can be considered as a dimensionless parameter. Thus, increasing B
is equivalent to decreasing E or increasing the size of the billiard (which
can be viewed as taking the thermodynamic limit).

Each time the particle hits the boundary, the velocity changes accord-
ing to the law of specular reflection v/ =v —2(v | n)n, which is well defined
for almost every point of the boundary.?

The phase space M = Q x S' can be divided into two disjoint sets M,
and M,. The set M, consists of all the orbits that never touch the bound-
ary. It corresponds to an integrable component of the motion and may be
empty. In nonzero magnetic field (x4 < o0), the orbits of M, hit the bound-
ary an infinite number of times. It is thus natural to study the dynamics in
M, by means of a bouncing map.

3. THE BOUNCING MAP AND ITS JACOBIAN MATRIX

Let us consider the trajectory between two successive collisions with
0Q, occurring at Py=(X{s,), Y(s¢)) and P, =(X{(s,), Y(s;)). The trajectory
is an arc y of center O, radius i, and angle y (see Fig. 2).

We call §; the angle between the arc and the boundary at P;, and
u;= —cos 8;, i=0, 1. Quantities s and u are the Birkhoff variables and the
bouncing map T is defined as

T: (sq,Ug) > (51, 1y) (5)

2 Subtleties may occur in the corners or if (v|n)=0 and p <y at the point of collision, but
they are of little importance for the following.
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0

Fig. 2. The trajectory between two successive bounces is an arc y of radius g, angle . and
extremities Py and P,. The Jacobian matrix of the bouncing map T depends on the length /
of the chord, the angle y between chord and arc, the angles ¢,, 8, between arc and boundary,
and the curvature at P, P,.

If / is the length of the chord PyP,, and y is the angle between the
chord and the arc y, simple geometry shows that

)
v =2y, siny=— (6)
2u

In general, there may be fwo trajectories with supplementary y for a given
! (see also Fig. 13). This is a characteristic magnetic field effect.

Generalizing Birkhoff’s technique (ref. 3, p. 173; see also ref. 7), we find
the following result.

Proposition 1. If sy, s, ¢ F,, the Jacobian matrix DT of T is given

by
0s; _ kol cos x —sin(f, + 2x)
dsy sin 4,
@_ {cos y

duy, sin @, sin b,
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Ou, _ sin(fy +2y) sin(@, + 2x) —sin b, sin 8,
dsy lcosy

—Kosin{f, +2x) —x, sin(8y+ 2x) + koK, { cos x

%_xllcosx—sin(é), +2y)
duy sin 6,

where x; = «(s;).

For completeness and consistency of notation, we give a proof in
Appendix A. We noticed that an alternative proof of this formula was
provided in ref 13. All the quantities appearing in (7) can be easily
expressed as functions of s, and s, [see (Al) and (A2)]. It is in general
much more difficult to solve the relation wug(sy, s;) with respect to s,, in
order to obtain DT as a function of zy = (s,, Ug).

A first observation is that DT has unit determinant, and hence the
Birkhoff variables are conjugate, although momentum and velocity are not
collinear in a magnetic field (see Section 4).

A second observation concerns the element 0Os,/0u,. We see that its
sign depends only on y. Suppose that the shape of Q is such that it cannot
contain any arc of radius x# and angle larger than n. Then we have
0s,/0uy >0, and u, is uniquely defined for given s, and s,. In such a case,
T is called a (symplectic) twist map. Twist maps, especially when con-
tinuous, have many properties (see, e.g., ref. 11 for a review), some of which
we will discuss in the next section.

The Jacobian matrix allows us to compute Liapunov exponents and to
determine the stability of periodic orbits. If we define for z={(s, u) the
stability matrix

S,(z)=DT(T""'z)...DT(Tz) DT(z) (8)

then the Liapunov exponents are given by

A, (z)=t lim El—ln Tr ST(z) S,(z) (9)

n— o LN

If z belongs to an orbit of period n, the orbit is hyperbolic and
unstable if |Tr S,(z)|>2, parabolic if |Tr S,(z)|=2, and elliptic if
[Tr S,(z)| <2. In the latter case, the orbit is stable unless resonance occurs.
In Section 6, we will give examples of how to apply the formula (7) to
analyze the stability of specific families of periodic orbits.
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4. GENERATING FUNCTIONS

Here we call a generating function of the continuous map T a C' func-
tion G(s,, 5,) such that

dG=Ll0dS0_ul dS] (10)
It is easy to check the following properties‘'":

1. If T is an area-preserving twist map, it admits a generating func-
tion, unique up to an additive constant, given by

{s0.51)

Glsoss1)= [ uol& ) dE—uy(&,n) dn (1)

2. If Gis C? the map T generated by G is always area preserving. It
is a twist map if 92 G>0.3

5081

3. If Gis C? u is a constant of motion iff G(s,, 5,) = g(s5, — o).

In zero field, G is known to be the length of the chord /(s,, s,). For
magnetic billiards, we found that G depends also on an area associated to
the trajectory, a feature appearing apparently in all problems involving a
magnetic field:

Proposition 2. Suppose that Q is bounded and that T is a twist
map. Then, for s, 5, ¢ E,, the generating function is given by

G=$+%9’ (12)

where & is the length of the arc and & is the area between the arc and the
boundary (see Fig. 3).

We give the proof in Appendix B. For practical purposes, it is useful
to write G in the form

1
G(So,s|)=;A(30sS|)+B,,(I(So,31)) (13)

where A4, the area between the chord and the boundary, does not depend
on the magnétic field, and

B,())= Arcsin<—1—>+£<l 1—2>]/2 (14)
w=H 2u) 2 au?

is equal to . minus the area between the chord and the arc, divided by .

T can be degenerate if 82 G =0.

S
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Fig. 3. When T is a twist map, its generating function G can be expressed (a) as a function
of the length & of y and the area & between y and 80, or (b) as a function of the length /
of PyP, and the area A between P, P, and 8Q.

As an example, let us consider an elliptic boundary, of equation

ds _

x = (2 cos ¢, sin @), ;1(—(;—C((p)=(cosz(p+,lzsin2(p)'/2 (15)

If the magnetic field is low enough (in fact, if 4 > 1%, as we shall see in Sec-
tion 5), T is a continuous twist map, and

G=;—;[¢;—%sin(2¢_)]+B,,(2sin(p_C((p+)) (16)

where ¢ , = 3(¢, + @,). Note that for a circular boundary (1=1), C=1
and G depends only on ¢, —¢@,. Thus, the billiard becomes integrable,
which is geometrically obvious.

In order to give a physical interpretation to G, let us recall that
the momentum, which is canonically conjugate to the position, is given
by

oL 1 1
p=a—x=m>'(+qA=(m,\"—iqu,my+§qu> (17)
Thus, it would have been physically more natural to use, instead of the
tangent velocity u, the tangent momentum

1
P (B ) =+ (X(s) V()= X'(5) ¥is))  (18)
mv 2u
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Indeed, p and s are conjugate since they admit as a generating function the
reduced action along the arc y:

F=j (p|dx)=mvj ds+i(ydx—xdy) = dF =mv(py dso—p, ds,)
» y 2u
(19)

It is, however, more convenient to use u instead of p. Green’s theorem
implies that the generating functions are related by

va=F+%fo ydz—xdy (20)
re

where y,, is the piece of boundary connecting P, to P;.

One application of generating functions is in perturbation theory.
Suppose the map T, depends on a parameter ¢ {controlling the magnetic
field or the shape of the boundary), such that the behavior of T, is known
(e.g., integrable). Approximating T, by its expansion T, +&0,7T.|,_, does
not in general lead to an area-preserving map, whereas the map generated
by G(sg, 5,,0) +€0,G(sg, 5, €)|, =0 IS always conservative.

For example, the generating function for an elliptic boundary close to
a circle, given by (15) with A=1+¢, is

G=Gylp_)+eGi(p,, 9_)+O(e)

1 1 . )
Go(¢_)=;[¢_+§sm(2¢_)}+B,,(2sm¢_) (21
1 1. ) o 1a2 N 172
G1(¢+,¢_)=;[¢_+§sm(2<p_)]+251n¢_sm‘¢+<l—smﬂz¢)

Another use of generating functions is in searching periodic orbits. If
we define the n-point generating function

G (59, S1ses Sy 1) = G(5¢, 51) + G5, 8:)+ -+ +G(s,_1,5,) (22)

then the law of specular reflection implies that every periodic orbit con-
taining no points with s € E, is a solution of

9G" _ aG™ G
aSO = aSI = =asn_l=

0 (23)

which is a system of n nonlinear algebraic equations of the n variables
SQseees Sy 1 -
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It is convenient to “lift” the periodic variable s to the real line. An
{m, n) periodic orbit is then defined by s, = sy +m |00Q|, u,,=u,, and its fre-
quency o= (1/|00|) lim, _, (s, /k) is equal to m/n. The possible frequencies
belong to an interval [, depending on the behavior of the boundaries
u= +1 of the phase cylinder. The first results on the existence of periodic
orbits for continuous area-preserving twist maps were due to Poincaré and
Birkhoff. Powerful developments were achieved by Aubry and Le Daeron,
Mather, MacKay and Meiss, and Katok (see ref. 11 and references therein
for more details):

1. For every m, n,m/nel,, there is at least one (m, n) periodic orbit
which is “maximizing.” This means that every finite orbit segment (s,..., §,),
Izk+2, is a global maximum of ZI’.;,'( G(s;, s;, 1) with respect to varia-
tions of s, ,. §;—,. In particular, (sq,..., 5,_;) is a global maximum®* of
G If the maximum is nondegenerate, the orbit is hyperbolic.

2. For every m,n,m/nel,, there is at least one (m, n) periodic
orbit which is “maximin.” This means that the Hessian matrix of
>iZi Gls;, 5, 1) has one single positive eigenvalue. The orbit is either ellip-
tic or inverse hyperbolic (Tr S, < —2).

3. Every orbit on a rotational invariant circle is maximizing. For
every irrational wel,, there is a maximizing quasiperiodic orbit of
frequency . Its closure is either an invariant circle or an invariant Cantor
set. This result is in some sense stronger than KAM theory, since it shows
the existence of quasiperiodic orbits for twist maps that are not necessarily

nearly integrable.

To summarize: if the bouncing map is a continuous twist map, its
generating function provides a useful tool to do perturbative as well as
variational calculations. In particular, we have a lower bound on the
number of periodic orbits of period n (namely twice as many as there are
integers m coprime with n such that m/nel,), whose stability can be
related to the second derivative of the generating function.

As we shall see in the next section, an important class of maps satis-
fying the twist property is given by bouncing maps of billiards with
smooth, convex boundaries in low magnetic field. The bouncing maps of
many billiards, however, are either not twist or discontinuous. Never-
theless, generalized versions of the generating function can be useful
tools in some of these cases as well, as we will see in Sections 5.3
and 6.2.

4Second variations of G can be computed using (A5) and (A6).
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5. SMOOTH CONVEX BOUNDARIES

5.1. Qualitative Behavior

We say that 3Q is smooth and convex® if p(s) is a smooth function (in
a sense that we will have to specify) and is bounded by positive constants:
0 < Prmin < P(5) < Prmax < 0 Vs. For example, for the ellipse (15), ppm=4""
and p.. =A%

Robnik and Berry''> proposed to classify the dynamics by comparing
ft to pon and po.. . If we consider specifically the twist property, by looking
at trajectories with fixed so and varying u, (Figs. 4 and 5), we obtain the
following “curvature regimes”:

1. If 4 2 pmay the function s,(sq, u,) is increasing in u,, so that T is
a rwist map. The curve { T(sq, ), — 1 <ug <1} turns exactly once around
the phase cylinder, with lim, _, ., T(se, to) ={s¢. ty). Thus, 7,=[0, 1].

2. I prin <1 < Pax» discontinuities in the map occur when the tra-
jectory becomes tangent to the boundary. We have lim,, , ,, T(sq. uy) =
{50, 4p), but this is not necessarily true for u,— —1. In Appendix C, we
illustrate the construction of the discontinuity lines of the map.

3. If £ < poin. the function s,(sg, ug) is first decreasing in u,, reaches
its minimum when y=wn/2, and increases again. We again have
lim,,_, ., T(sp, Up) = (54, Up), SO that there are exactly two trajectories with
supplementary y for given sg, s,. The map is no longer twist. On can expect
that the frequencies belong to an interval I, =[w©,;,, 0], where @, ~ .

Figures 4 and 5 illustrate this behavior in the case of an elliptic bound-
ary.® We see that there always exist invariant curves near u = + 1, corre-
sponding to trajectories with caustics (the “whispering gallery modes”). For
U2 Poax and 1 < piy, such curves also exist near u= — 1. However, when
Prmin <U < Pmax, the tori near u= —1 are replaced by a chaotic region. This
behavior can be heuristically understood by noting the following two
points: first, discontinuities of the map due to tangencies may destroy
invariant curves in an analogous manner as discontinuities due to corners
of the boundary®; second, the Jacobian matrix (7) diverges like
(u+1)~'2, causing strong dispersion of nearly tangent orbits, which can
be a source of positive Liapunov exponents.

* For brevity, we omit the word “strictly.”

“The billiard in an ellipse has the particularity to possess two integrable limits. In the circle
limit =1, u is a constant of motion, as we noted in the previous section. In the zero-field
limit st = oo, the product of the angular momenta with respect to the foci is a constant,
which can be written L= C¥g)(u®—1)+1.
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C

Fig. 4. Trajectories in an elliptic boundary, with constant s, and varying uy: (a) # 2 piax»
(D) Pmin <H < Pmaxs (€) # < prin. Trajectories with uy near —1: (d) trajectory with caustic
for 42 puax. () chaotic trajectory when pn, <yt <pmas. ([) trajectory with caustic for
H < Pumin:

Robnik and Berry have computed an adiabatic invariant, which tends
to be conserved if |xu(1 —u?)"?/(1 + xuu)| < 1:

_ur(s) +u(3 —2u?)
K(S’ u)_ (1 _u2)3/2

(24)

and gives a very good approximation of the invariant curves for u — +1.
As it turns out, in the strong-field limit ux <€ 1, K tends to be conserved for
all orbits, so that this limit seems to be integrable. In the following, our aim
is to delineate the validity of these statements and make them more precise
by using different perturbative approaches.

5.2. Near the Boundary

We recall that for Euclidean billiards, the existence of invariant curves
and caustics near the boundary was first demonstrated by Lazutkin,® who
had to assume a high degree of differentiability. Douady® reduced the
required degree to 6. On the other hand, Hubacher® proved that no
caustics exist near a boundary whose curvature is discontinuous, and
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Mather'? found that if the curvature of the boundary vanishes at one
point, then invariant curves are totally absent.

We are now going to investigate the behavior of the bouncing map of
billiards in nonzero magnetic field near their boundary, ie., for small
sin ;. In this way, we will be able to apply KAM theorems to show the
existence of invariant curves. The results are summarized in Theorem 1 at
the end of this section.

0 n 2
Fig. 5. Structure of phase space in the (¢, u} plane for the ellipse. Image of the line (¢ = ¢*,

—1<u<l): (a) 2 Pmaxs (D) Pmin <H <Pmaxs (€) U< Pumin. Typical phase portraits:
(d) /'l>pmax’ (e) Pmin <H < Pmax» (f) /‘Spmin'

822/83/1-2-7



94 Bergiund and Kunz
If we write z(s) = X(s)+1Y(s) and z,=2z(s,), 7;=1(s;), we have

s 73 )
z, —zo=f et ds=J p(r)e™ dr (25)
50 10
Since the z; also belong to the arc of trajectory, which has tangent
directions 7, + 6, at z; and 7, — 8, at z, (see Fig. 2), we have

Zl_zo=%‘ [ei(rl—ﬂl)_ei(ro+60)] (26)

Introducing 4 =e~™(z, —z,) and 6 =7, — 1, — 0, + 6,, we can rewrite this
as
=1 )
A—pue : = —2u sin 6, (27)

which is equivalent to the system

Re 4 sin &
_ o—1)=-2
sin 8, #cos by sin G, + u(cos ) # (28)
Im A4 sin(5+ COS00055—1_0
sin?8,  “sinf, 7 sin? 0,

If the boundary is C*, this is a system of C*~! equations in the variables
8o, 09, 51, 8, which we would like to solve with respect to s,, 8,.
Writing s, =5+ sin 8y o and 8, =6, + sin 8, uy, we obtain for k =3

i
A =sin 0, uo + = sin’ 8, u2ok(s,) + Oy’ sin 8
ol D) oM (50) (u o) (29)

d=sin Gy u[Kk(se)o—y] + O(u? sin? 6,)
Replacing this in (28) finally leads to the system

0 —pucos Oy [x(sg)o—y] + O(sin Gy) = —2

(30)
K (8¢) + 2[K(50)a — ] — p cos O, [k(se)a — y]> + O(sin 6,) =0
which has the solution
Oy, ) =—— i
(8o, 0o, 1) 1 — 1 cosf, K(so) + O(sin 6,) (31)

Y(8¢, B9, 1) = O(sin G,)
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Since the Jacobian of (30) evaluated at this solution is —2 + O(sin 8,), the
implicit function theorem implies that for small sin 6,, the bouncing map
is C*~! and has the form

2u sin 0, .
- ]
T Z 1t cos B, (sy) + o(sin 4,) (mod |0QV|) (32)

Slst

0] == 00 + O(Sin 00)

However, this formula is only valid if we are able to check two properties:
First, the approximation must be well defined, ie., the denominator in
the first equation should not vanish. Second, the solution (31) has to be the
“right” one, that is, the first intersection of the trajectory with the
boundary, following the motion of the particle. We have to distinguish
between the following cases:

1. Near u= +1: Writing § =n —#n, we find that (32) becomes

2u
_1+;UC(SO),70+0(’7°) (mod |0Q]) (33)

S|=SO

N1="1o+0(n,)

Here the denominator can never vanish. Moreover, this solution corre-
sponds geometrically to a short skip of the particle backward along the
boundary, so that it certainly describes the first encounter of the trajectory
with 0Q.

Note that this equation is well defined even when the curvature is
allowed to vanish. Only when u= oo does the first equation become
§y=5¢— [2/k(s4) 110+ 0(#n,), which diverges when x — 0, which is coherent
with Mather’s result.

The change of variables ¢ =s+ put(s), r=2un is well defined and
transforms the map into

@1=@o—ro+o(ry) (mod|0Q|+ 2nmu) (34)

ry=ro+o(ry)
2. Near u= —1: The map has the form
— 2 g so(6y) (mod |3Q))
L—pr(so) ° " " (35)
0, =04+ 0(8,)

S1=S0‘_
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This time, we have to be careful with the denominator, which may vanish.
The approximation 8 <1 is only valid in two cases:

(a) I g=puadl+e), £6>0, then in the variables ¢ =put(s)—ys,
r=2u6, the map becomes

@1 =@o+roto(ry) (mod2mu—|[0Q]) (36)

riy=rq+0(ro)

We again obtain the right intersection, because the particle is skipping
forward along the boundary (Fig. 4d).
(b) If 4 < pin(1 —¢), then in the variables ¢ =5 — uz(s), r =2ub, the
map reads
=@, —rot+0(ry) (mod |0Q]—2ru)
Pr1=@p—To 0 H (37)
ry=rq+o(ro)

This time, the particle is starting with a forward glancing velocity, but
reaches the boundary behind its starting point (Fig. 4f). It s not obvious
that there is not another intersection of the trajectory and the boundary
in between. Luckily, Lemma D1 in Appendix D shows that this cannot
happen, because any circle of radius u < p,,;,, cuts 0Q at two points at most.

The maps (34), (36), and (37) can now be treated by KAM-type
theorems (ref. 12, p. 52, or ref 4, p. II1-8). In this way, we obtain the
following result:

Theorem 1. Consider a magnetic billiard in a domain with C*
boundary, k=6, such that 0<p. ;. <p(5) <Pmax < 0. Let eeRY and
assume that one of the following is true:

l. O<u<oo,p=n—0, L=|0Q|+2nu, o=—1.
2, pol+eE)Su<co, =0, L=2nu~—00|, 0= +1.
3. O<u<pun(l—eg),n=0,L=100|—2nu, o= —1.

Then, there exists £, >0 {depending oun x and &) such that, if @e[0,¢,)
and satisfies the Diophantine conditions

———‘qu‘” (38)
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for some y, ve R% and for any p/qe @Q, there is an invariant curve of the
form

=&+ V()
(39)
n=3=+ UE)
U

where U, VeC', V(E+L)=V(E)+100|—L, U(E+L)=U(&). The
induced map on this curve has the form

¢+ ow (40)

This theorem confirms our observation that invariant curves exist in
three cases:

1. Near u=+1 (8 =mn), for all values of the magnetic field (see the
upper parts of Figs. 5d-5f). They correspond to backward-skipping trajec-
tories, the curvature of which is opposite to the curvature of the boundary.

2. Near u= —1 (8=0), in weak magnetic field [y = pa.(1 +¢), see
the lower part of Fig.5d]. They correspond to forward-skipping trajec-
tories (Fig. 4d), which are curved away from the boundary.

3. Near u= —1 (8=0), in strong magnetic field [y < pn(1 —€), see
the lower part of Fig. 5f]. They correspond to backward-skipping trajec-
tories (Fig. 4f).

For intermediate values of the magnetic field, there seem to be no tori
near ¥ = — 1. Although we have a qualitative understanding of the origin of
this phenomenon, we are not able to prove the existence of a stochastic
component of positive measure in this region. This remains an open
problem.

On the other hand, our theorem implies that magnetic billiards in
smooth (ie., C® convex domains can never be ergodic. Unlike in zero
field, this remains true even when the curvature of the boundary is allowed
to vanish. In fact, Eq. (33) suggests that invariant curves exist near u= +1
even when the boundary has slightly concave parts, i.e., k(s) = —Kg, k>0,
and for u <1/kxq—e. In that case, however, the tori near u= —1 do not
necessarily survive. We will come back to this point in Section 6.2.

5.3. The Strong-Field Limit

The limit x — 0 is in some sense singular: indeed, for small g, the dis-
tance between successive collisions with the boundary is of order y, so that
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one could get the impression that the particle follows the boundary more
and more slowly when u decreases, and sticks to the wall when =0,
violating the conservation of energy. Of course, this is only an artificial
effect, due to the fact that we use the bouncing map instead of the flow
to describe the dynamics. Indeed, the “time of flight” between successive
collisions is also of order u (more precisely, it is equal to uy, where ¥ is
given in Fig. 2), so that during a given time interval, the particle hits the
boundary O(l/u) times, traveling a finite distance.

Thus, we have to be careful when we apply perturbation theory. It is
possible to use (28) to analyze the limit u— 0. However, we give in
Appendix D an alternative approach that we find more instructive. The
idea is to show that although the map is not twist, it can be described by
generating functions, in fact two of them, with suitable matching at y = /2.
These functions are of the form G*(sy, 5, 1t) = +ugelo)+u’gi(a, so, 1),
where o = (s, — §,)/ut. Replacing this in (10), we see that ¢ and u are “slow”
variables which evolve on a much longer time scale than s. This expresses
the geometrical idea that for a short skip, the boundary is close to an arc
of circle, for which ¢ and u are constants. It is, however, necessary to
use the variable @ instead of u if we wish that the map be smooth at the
boundaries of the phase cylinder. Finally, we obtain the following result:

Proposition 3. Consider a magnetic billiard with a convex, C¥
boundary, k> 3. For small enough y, the bouncing map is C*~' and has
the form

§1 =80 — 24 sin 8y + u? sin By a(sy, Oy, 1) (mod |3Q))

5 . o (41)
0, =04+ sin” 0, b(sq, 04, 1t)

The functions ae C*~2 and be C*~? are uniformly bounded for seR,
0 <8<, |0Q|-periodic in s, and admit the expansions

k-3
a(s, 0, )= Y. ads, O)u'+ O(u* )

i=0

‘4 (42)
b(s, 0, 1))=Y bis, 0)p/+O(u*~?) (k=4)
j=0
where the first terms are
ag= —2cos 8 k(s)
a,= —32[(1 +2cos 20) x(s)> —sin 20 k'(s)]
2 (43)

bo=3K'(s)

b, =%cos 0 k(s) k'(s) — 3 sin @ k"(s)
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Equation (41) shows that the bouncing map in strong magnetic field
behaves like a perturbed integrable map. To zeroth order in g, it reduces
to identity. To first order in g, it still has the integrable form 6,=46,,
51 =380+ 12(8,), where 2(8)= —2sin 8. However, in contrast with usual
integrable systems, the frequency €2 is multiplied by the small parameter u.
As for the factors sin 6 occurring in (41), they assure that the boundaries
6=0, 7 are fixed.

The behavior when ¢ — 0 can be understood in the following way: fix
some positive p, and define s =puq¢, dl@, 0, 1t) = alp,@. 0, 1), E((p, 0,u)=
b{1qy@, 8, u). Consider the two-parameter family of maps T

MO,

: 0
@, =@o—2sin 0+ u sin 8, al@q, 0, #) <mod '_g'>

Ho

(44)

0, =00+ u*sin? 6, b(¢,, Oy, 1)

The map T, , is integrable, 6 being a constant of motion, and it takes
about n(8)=10Q|/(2uqsin 8) iterations for ¢ to turn once around phase
space. T, ,, is equivalent to (41), and one can expect that when g, is
small, some features of the integrable map remain, in particular, the par-
ticle completes one turn after roughly n(8) bounces. Using (A2) and (41),
we obtain that =2y =2n — 260, + O(u), so that the time necessary for one
revolution is of order 7~ n(8)uo ~|0Q)(n—8)/sin 6, which does not
depend on yu to lowest order. Note an important difference between the
skipping regimes u~ +1 and ¥ ~ —1: in the first case, 1 ~|0Q|, whereas in
the second case t~ |0Q| n/0 diverges when u— —1. The variation of 8
during ¢ is of order n(0)(8,—0;)~iqsinf, which shows that our
approximation is consistent, since 0 is an adiabatic invariant on the time
scale 1.

We have the choice between two different perturbative techniques to
make these observations mathematically precise. If we exclude some
neighborhood of #=mx/2, where the frequency Q(f)= —2sinf has a
vanishing derivative, we can apply Moser’s theorem (ref. 12, p. 52): if the
boundary is C¥, k = 6, then there exist invariant curves for every frequency
satisfying some Diophantine condition.” In this way, however, we cannot
describe trajectories starting with a very small tangential velocity (6 ~ 7/2).
In order to do this, we will apply another technique to study (41), coming
from adiabatic theory. We will prove in Section 7 the following theorem on
a class of maps of the annulus:

7 One advantage of Moser’s theorem is that the map need not preserve an annulus.
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Theorem 2. (An adiabatic theorem for maps). Let the map
T: (po, o, 1) (@1, 1),

@1 =@+ ucly)[ 21y, 1) + pa(@q, Iy, 1)]
Il =IO+/"2c(10)2 ﬂ((pOs IO’ /l)

be defined on the set E={(¢, I u)| ¢ eR, 0<I<]1, 0<pu<p*}. Assume
that « and f are periodic functions of ¢ with period 1, ¢(0)=c(1) =0, and
1, 0)=02,+#0.

Then there exists a change of variables (¢, I)+— (Y =@ + uf (o, I, 1),
J=TI+uc(I) gy, I, 1)), preserving the square [0, 1] x [0, 1], where f and
g are periodic with period 1 in ¢, such that:

(45)

1. If Tis analytic in a complex neighborhood of E, then

Y=o +puc(Jo)[2Jg, 1) +e~V4"a(o, Jo, 1)] (46)
Jy=Jo+12c(Jo)[O(Jo, 1) + e ¥ B(Yo, Jo, )]

2. If, moreover, T preserves the measure c(I) p(@, I, 1t) dp dI, where
ple, I,0)=1, then

J =Jo‘*“3’—l/olc(-]0)2 B('//O,Jo,ll) (47)
3. Ifa B, and Q2 are C* and c is C**! in E, then
Y=o+ uc(J)[ Lo, 1)+ 1 a(Wo, o, )]
Jy=Jo+p12c(Jo)*[Oo, 1) + 1 BWo, Jo, 1)]

and respectively,

(48)

Jl=J0+ﬂk+zc(~]0)2ﬁ—(‘//07Jo,ﬂ) (49)
if T preserves the measure ¢(I) p(¢, I, 1) do dI.

Equation (45) describes a map from the annulus 0 <7< into itself
(the choice of 0, 1 is arbitrary and can be changed by scaling). Indeed, the
factor ¢(I), which vanishes at =0, 1, assures that the boundaries of the
annulus are fixed, and for small enough g, the interior of the annulus is
invariant. In (45), the terms containing the phase @, which make the map
nonintegrable, are of order x> The theorem states that a suitable change
of variables decreases this order to u**? if the map is C* and to the
exponentially small order e ~V* if the map is analytic.

The method of the proof is similar to that used by Nehoroshev and
Neishtadt (see ref. 2, p. 163, and references therein) in the case of differential
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equations. The basic idea is to make successive changes of variables that
each decrease by one unit the order of the terms containing the phase ¢.
If the map is C¥, one can repeat this procedure k times. If it is analytic,
divergence prevents us from applying the procedure infinitely often, but it
is possible to do it a large number of times, of order 1/i, so that the terms
containing the phase become exponentially small.

We can now apply the theorem to the bouncing map (41) of billiards
in strong magnetic field, where ¢(f)=sin 8. Because of Proposition 1, the
map preserves the measure sin 8 ds df, and can thus be transformed into
the form (47) or (49). If we write J,=J(s;, 8,), we obtain the following
result.

Corollary. Consider a magnetic billiard in a convex domain. If the
boundary is C¥, k > 3, then there exists a function J**(s, §) such that J{*' =
JE' + O(p*~"). If the boundary is analytic [in the sense that x(s) can be
analytically continued to a complex neighborhood of the real axis], then
there exists a function J(s, #) such that J, =J,+ O(e ~"%). In any case,
this function can be written in the form J=80+ u sin 8 g(s, 6, u).

If the boundary is C, k > 3, this result implies that after n bounces, we
have J,=Jo+nO(p*~1), and hence if n=0(u>"%), J,=Jo+O(u). In
other words, the quantity J is a “quasiinvariant” or “adiabatic invariant”
which varies by an amount of order u for O(u>~*) bounces, ie., during a
time of order u* ~*. In the analytic case, J varies on a time scale growing
exponentially with the magnetic field. In contrast with KAM theorems,
which show the existence of exact invariants for some initial conditions, the
adiabatic theorem shows the existence of approximate invariants for all
initial conditions.

In fact, the theorem not only shows the existence of quasiinvariants, it
also enables us to compute them up to the first orders. For example, after
two changes of variables { given by (52)—(54)], we obtain

JB(s, 6, 1) =0+ pu sin O] 1x(s) + 3¢ cos 0 k(s)*] (50)

To zeroth order in x, we recover that J* =0 is an adiabatic invariant on
a time scale of order 1. To first order in y, J*' corresponds to the invariant
(24) of ref. 15,® which is valid for a time of order x#~'. As shown in Fig. 6,
the orbits are very close to the level lines of J'*’ even when u is of the same
order as p,,. The dynamics on the quasiinvariant curve J(s, 8)=J, is
approximated by Y, = o +uc(Jy) (Jo, ).

8 Namely, K = f(J**') + O(y?), where f(J)= —cos J(1 +2sin? J)sin~3 J.
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Fig. 6. Adiabatic invariant in the strong-field limit: (a) some orbits of the billiard in an
ellipse for 4 =0.3, A=1.5 (i, pin =2/3), (b) level lines of the adiabatic invariant (50), which
are given by 0=J—usin J [1x(s)+ §p cos J x(s5)?] + O(z?).

In Section 6.2, we will say a word on adiabatic invariants for billiards
In nonconvex boundaries. Quasiinvariants can also be used to study
billiards with piecewise smooth boundaries. As long as the particle hits the
same smooth piece of the boundary, the corresponding quasiinvariant
changes slowly, so that one can estimate the outcoming velocity. However,
as soon as the particle passes from one smooth piece to another one, a
jump of the value of J occurs. This is particularly clear in the stadium,
where J =@ is even an exact invariant on each straight line and arc of a cir-
cle. The jumps of & occurring at the junction points allow the particle to
explore a large fraction of phase space (see also ref. 14). Thus, billiards in
insufficiently smooth, convex domains do nor become integrable in the
strong-field limit (as suggested in ref. 13).

6. MORE CHAOTIC BILLIARDS

6.1. The Billiard in a Square

Billiards in convex polygonal domains in the presence of a magnetic
field can be expected to show a chaotic tendency because we will always be
in the regime 0 =p,;, <i < P = 0.

We have concentrated on the case of a square of side length 1. This
billiard is integrable in zero field, where every periodic orbit is parabolic.
In fact, the periodic orbits occur in families, which can be indexed by the
slope of the trajectory, and whose members can be indexed by the
arclength of any collision with the boundary.
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Fig. 7. Periodic trajectories in a square. Trajectories of period 4: (a) type I, (b) type II,
{c) type IIl, (d) asymmetric trajectory at u=0.502, bifurcating with type I at u=1/2.
(e) Trajectory of period 12 which bifurcates with type I when = \/5/2. (f) Stable symmetric
trajectory of period 4k, k=2 for u=1/4.

In low magnetic field, only isolated orbits subsist, some of which are
hyperbolic and some elliptic (Fig. 8a).” When the field increases, most of
the latter vanish or get unstable, and the structure of phase space is
dominated by symmetric period-4 orbits (Figs. 7a-7c): type I exists for
U= 1/\/§, type 1I for x> 1/2, and type III for 1/\/§<,u <1/2.

Using (7), we _find that type II and type III orbits are hyperbolic,
except for u= l/\/g, where type III and type I orbits undergo a saddle-
node bifurcation. For type I orbits, we find that the stability matrix satisfies

1 1 —(8u>—1)'7

1
TS, =80 =841, r=xTrS =i 1
2 115 " S rree—ne OV

2

so that these are elliptic, except for u= l/f 8 (saddle-node bifurcation),
= 1/2 (bifurcation with four elhptlc and four hy erbohc asymmetric orbits
of period 4, Figs. 7d, 8b), and \/_ /(3 +2./2)'? (no bifurcation).
An interesting resonance phenomenon occurs when n= \/5/2. Then S,
is a cubic root of 1, and the type I orbit becomes unstable because of a
“squeeze effect” bifurcation (ref 1, p.392) with a hyperbolic orbit of
period 12 (Figs. 7e, 8d-8f).'® Numerical simulations show no other stable
periodic orbits in this case, leading us to the conjecture that the billiard in

® The first correction to the zero-field generating function goes like the magnetic flux through
the trajectory, ie., the signed area enclosed by the trajectory. For orbits whose period is a
multiple of 4, it can be seen that this area varies quadratically with the arclength indexing
the orbit.

" The same kind of bifurcation affects the small diametral orbit in the ellipse when A=2,
V> 1.
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05

Fig. 8. Phase portraits of the billiard in a square. (a) =30, (b) ¢=0502, (¢) u=1/4.
“Squeeze effect” bifurcation around u =ﬁ/2= L18...: (d) =125, (e) u=1.118, (f) u=1.
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Fig. 9. Numerically estimated proportion of the regular component in phase space for the
billiard in a square, as a function of x. Actually, we show the relative area of phase space not
occupied by one chaotic orbit, with a precision of 4 x 1074,
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a square is ergodic for this particular value of u. Figure 9 illustrates this
phenomenon by showing a numerical estimate of the size of the regular
component of phase space, which vanishes for u =\/§/2 ~1.118....

There are no orbits of period 4 when <1 /\/g. However, stable orbits
of higher period exist for arbitrarily high values of the magnetic field.
Figure 7f shows a symmetric trajectory of period 8, doing two bounces on
each side of the square. We can construct similar trajectories of period 44,
k =1, reflected & times on each side. Detailed calculations (see Appendix E)
show that such orbits are stable for almost all 4 in some interval containing
1/(2k), but these intervals do not overlap when &k >2, leading us to the
assumption that mixed and ergodic behavior alternate for decreasing .

6.2. Boundaries with Negative Curvature

In Sinai billiards, whose boundaries have negative curvature, it is
known that all periodic orbits are unstable in zero field [as is suggested by
the fact that Tr(DT) < —2 if we put =0 in (7)]. This is no longer true
in nonzero field, because the curved trajectories, although locally dispersed,
may converge again.

Let us first consider billiards outside smooth convex boundaries with
extremal radii of curvature p,,;, and p,.... If we fix a trajectory of the out-
side billiard and complete every arc of a trajectory to a full circle, we
obtain its “dual trajectory” as the set of all complementary arcs. If the dual
trajectory never crosses the boundary, then it corresponds to a real trajec-
tory of the inside billiard, since the law of specular reflection is satisfied by
construction. A sufficient condition for this to be true is that any circle of
radius u can intersect the boundary at most twice. In this section, let us call
this the “u-intersection property.” This property is actually satisfied in two
cases: in strong field x4 < p,,;, (as we prove in Lemma D1 of Appendix D),
and in weak field y = p,... (as can be proven in a similar way). In these
cases, to any orbit (...(s_,, u_,), (sq, Uo), (8, u;)...) of the outside billiard
there corresponds the orbit (...( —s,, —u,), (=8¢, —uo), {(—5_y, —1_;)...)
of the inside billiard, and reciprocally. Thus, the billiards inside and outside
the boundary are perfectly equivalent, so that we can apply our results of
Section 5 on_the existence of invariant curves and adiabatic invariants
(Theorem 1, Proposition 3, and the corollary of Theorem 2). In particular,
the billiard outside a circle is integrable.

For intermediate values of the magnetic field (pmin <K < Pmax), the
dual of any outside trajectory will not necessarily be an inside trajectory.
However, the equivalence is true for some special trajectories, namely those
which are sufficiently close to u = +1 for the inside billiard (and remain so
because of Theorem 1).
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(b)

Fig. 10. The billiard outside two circles: {a) chaotic trajectory, (b) one of the few stable tra-
jectories.

Consequently, we predict that if we compare the phase portraits of
the billiards inside and outside a given smooth, convex curve, they will be
the same (up to an inversion) for u <p.;, and u=p.... When p ;. <
i< Pmax» the region u~1 of the interior portrait will be the same as the
region u ~ — 1 of the exterior portrait, but other parts of them will be dif-
ferent.

Let us consider next the case where the boundary 6Q has both convex
and concave parts, but a bounded curvature: |k(s)| <kg=1/pn, Vs. We
can argue by means of geometrical properties that such a billiard must pos-
sess invariant tori and adiabatic invarniants in sufficiently strong magnetic
field if Q is smooth enough. It should be clear that the interior of the
domain has to be connected, since otherwise we would have several inde-
pendent billiards. We can thus define r* such that the u-intersection
property is satisfied for 4 <r*."' This radius has to be positive but can be
arbitrarily small (consider billiards shaped like hourglasses or peanuts).

In Section 5.2, we already mentioned that the expression (33) of the
bouncing map near 8 == can still be valid if 4 <p_;,(1 —¢), namely if 8 is
sufficiently close to = that the trajectory remains within a distance 2r* of
the boundary. Thus, invariant curves still exist near # = n. Furthermore, we
note that the only point in the proof of Propositon 3 where we use the con-
vexity of the boundary is to show the u-intersection property. This is
actually satisfied for u <r*, so that we conclude that Proposition 3 and its

" Note that the bouncing map is continuous iff the u-intersection property is satisfied. Indeed,
discontinuities by tangency exist iff one can construct a Larmor circle tangent to the
boundary and intersecting it at two other points.
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consequences on adiabatic invariants remain true in the present case for
sufficiently small p.

Finally, we also studied the billiard outside two circles of radius 1,
centered at (0, +4) (Fig. 10). If A>1, it is important to note that M,
defined in Section 2 is not the only integrable component of phase space.
Indeed, trajectories with w>u*=min{l,24—1—-2A(A—1)/u} always
touch the same circle, so that u is a constant of motion. In particular, when
i<A—1, the billiard is integrable. When x> A—1, the map is discon-
tinuous whenever trajectories become tangent to the boundary, and
numerical simulations show that the component of phase space u<u* is
almost filled with a stochastic sea with positive Liapunov exponents.
However, one can find stable periodic orbits for particular values of the
parameters (see Appendix F), so that the billiard is not always ergodic.

7. PROOF OF THE ADIABATIC THEOREM FOR MAPS

7.1. Construction of the Change of Variables

The change of variables is constructed as the composition of several
elementary substitutions that each increase by one the order of the terms
containing the phase. The number of these substitutions is k if the map is
C* and of order [1/1] if the map is analytic.

We assume by induction that after N steps the map reads

@1 =@o+uc(I)R2no, 1) + 1N+ an(@o, I, )]

Iy =Ty + pe(ToLpO y(To, 1) + 1V ' Br(@o, Lo, )]
where we write (@, I)=(¢"", I'") for brevity, and Q,(I,u)=
Qo+ 1Q (I, ). We can assume that (o) = { 5> =0, where (F) ={; F dp

denotes the average of F.
The change of variables (¢, I) — (, J) = (@'V* 1, I'N+1) is defined by

v=0+u"*'flo, I w)

(52)

(53)
J=I+u"*'e(I) g(o, I 1)
where
80, Lu) = = Bule L) dy’
A ., o A,
golo, Luy=gle, L) —<g>(Lp) (54)

14
[}

1
flo, L u) =J [C’(I) golo's L 1) —b—aN(fp', Lu)] do’
0
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We will use the following properties:
1. If F(¢)eC', then

[7 Fto) dp = e[ 2ulo, 1) Flpo) + 1190, Lo, )]

=pc(Io)[ 2o F(@o) + prs(@g, Iy, 1)] (55)

Indeed, carrying out the change of variables ¢ = @y + uc(l,)x, one
obtains

@1 25
[* Fg) dp = petly) [ [ Fgo) as

Po

J~.(2N+;1N+'aw

2§
+ uc(ly) L F'xdx+ Fdx}

2y
2. If F(I)e C', then
F(Io)=F(J0)+/lN+IC(]0)"3((/’0aIm/‘) (56)

where ry= —g(@o, Iy, n) F'(I). In particular, c(ly)=c(Jo) Ro(@o, Iy, i),
where Ry=[1—u"*1gc’] L

Substituting (52) in (53), we get
J,—J0=,uN+l[c(Il)g((p,,Il,,u)——c(Io)g((po,Io,,u)]
+/‘ZC(10)2[@N(10a,U)+/~lNﬂN((Po,Ios#)] (57)

Now, using the above properties, we obtain

o) gley, Iy, 1) —c(ly) gl Lo, pt)
=, —1o) 0,[c(]) glg,, I, )]
=u2c(Io)* Ry(@o, Iy, 1)

c(lo) gl@y, Iy, 1) — (o) gl@o, Iy, pt)

1 1
- o c(dy) fm Bnle, Lo, 1) do
= _!‘C(Io)z Bnl@o, Iy, 1t) ’*‘,UZC(I())2 Ry(pq, Iy, pt)
(o) On(ly, 1) —c(Jo) On(Jo, pt)

=" e(Iy) Ry(@g, 1o, pt)
C(Io)—C(J0)=ﬂN+lC(Io)”4((POsIo,ﬂ) (58)
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Replacing this in (57), we finally get
Ji=Jo+12c(Jo)? On(Jo, 1) + 1 +2e(J0)? B 1(@0, Tos 1) (59)

where ﬁN+1—R (R, +R2+R3)+R0R4 and R,=0Oyr,. The final step is
to write By (@0, Tos 1) = Pr+1(Wo, Jo, #), Which can be done for small
enough u, as we shall check later, and Oy, ,=Oy+uV By,

ﬂN+l=ﬁN+l—<ﬁN+l>"

Proceeding in a similar way for , we obtain
'pl —'IJO

=uc(lo) Qu(Io, p)[ 1 +uV*" (L) go(@o, To, )] + 4V +3e(Iy) Rs
c(lo) @n1o, 1)

= c(Jo) Qn(Jo, 1) + 1N e(T)[ = LIy, 1) €'(1y) &(@o, Iy, 1) + 1R
c(lo) ¢'(Lo) (1o, 1)< &> Lo, 1)

=c(Jo) ¢'(Jo) Qn(Jo, 1) 8> (Jo, ) —uc(lp) R

so that

Y=o+ uc(Jo) QN(JOa i) +#N+3C(Jo) Ay +1(Pos Lo, 1) (60)

where &y, , = Ro(Rs+ R¢+ R,) and @, =Q (1 —uV*'c’( g)). Finally, we
proceed in the same way as for § in order to deﬁne Qnits Ayig.

7.2. Bounds and Domains of Analyticity

In the case where the map is analytic, we define
I'(Dy={(e, )| |Im ¢|, Im I| <D, —D<Rel<1+D} (61)

We assume that for (¢, I)eI'(Dy) and |u| <uq, (52) is analytic and
satisfies the bounds |ay|, Byl <My, |24, 1@x] < Wy. We introduce
numbers Dy <Dyy<D, such that (¢q, I;)eI'(D}) implies (¢4, 1),
(Yo, Jo) € I'(Dyy). Thus, D% has to satisfy the condition

DN < Dy —komax{po+pug Wy+ug *>My, ug * ' My} (62)

From now on, the numbers k;, 1;, ¢; will designate constants which are
uniform in N and u. Using Cauchy’s inequality to bound the derivatives
appearing in the expressions of the R;, we obtain that for (¢, I,) € I'(D%),
IR,] < K;, where

822/83/1-2-8
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1

Ko=
T =l oMy

M
K= [Wy+uiMy] L

Dy—Dy
, 1
K2='{2[WN+/‘3MN+ENTE;J My
MyW,
Ky=Ay—"— (63)
DN— N
K4=2'4MNWN
WytudMy o 1 +uWy
Ks= —_— My+——— | M
5 /15|: DD, tugMy+ Dy— Dy N
MW,
Ko=26[1 +piMp] WN—TIYN
M W
K7=A7/‘(7MN#EIY;
and the new bounds have to satisfy
3 7
My, > c, max {Kf, Y K+ KoK, Ky K,.}
i= i=5 (64)

Wy 2 Wyt uld V' (WyMy+ My, )

Finally, we have to consider the effect of the change of variables on the
domain of analyticity.

Lemma 1. If F(e,ILyx) is analytic for (¢,I)el(D), then
F(, J, )= F(o, I, 1) is analytic for (y, J)e I(D —dcoul ' My).

Proof. Write x={(¢p, ), y=(¥,J). From (53), we have y =x + G(x),
with |G(x)| <coud *'My. If @(x,y)=x+G(x)—y and [0,G;|<e,
then det(9,®)=1—2e—~2e2 If yel(D—dcopud*'My), then xe
(D —3couy*'My), and Cauchy’s inequality implies ¢<1/3, so that
det(0,®)>0. The implicit function theorem implies that we can write
x=£&(y), where & is analytic, and so is F(y, u) = F(&(y), u). |

Hence, we must take

Dy <D'II\'_4C0,U£)V+]MN (65)
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7.3. Evolution of the Bounds with N

We now choose domains of the form Dy=Dy—Ndyu, Dy=
Dy—d'uy, d' <d. We wish to show by induction that for a suitable choice
of d and d' and g, small enough,

M,
My=——= 66
N (Zﬂo)N (66)

Replacing this in (63), we get K <[l—podoMy]'<2 if
oS [24oMo] 7", and K, < k;M y/d'ug, i=1...7. Thus, we can take

My My

m——= (68)
d'ue  2u,

My, =c¢

where d’' =2¢,m and m=max{4 ¥]_ k;+2k,, 23 ]_ k;}.

k.
5__1
To prove (67), we take c3=Wy+ce,M,, W=W,+c;, and
Uo < Wo[2e: My W]~} so that

c, M _ 1
cg,u{}"“'(WNMN+M~+.)<'2—N°[A¢0W+§]

1 [ W, oM 5

gz_'V[TO’L 20]=2N1'

Finally, it is easy to check that the conditions (62) and (65) are
satisfied if we take d=d' +4co M, + ko max{l +u*(W+ M,), M,}.
The last step in order to prove (46) is to take

N=N(#°)=[Zil,)u—o} (69)
0

In this way, Wy,,, is bounded, Dy, is still positive, so that
I'(My,,,,) is not empty, and the terms containing the phase are bounded
by
M,

_ —1n 2[ Do/dity 1 — ~1/Cu
2Nl;tu)_Moe el =Mye ¢ (70)

N(py) —
Ho 0 MN(/AUD—

Finally, we also see that the terms defining the successive changes of
variables, ie., uf*'fy, where fy~M,, add up to a geometrical series
converging toward a term of order u,.
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7.4. Conservative Case

It is easy to check that if (45) preserves the measure
o) plo, Lu)de dl, p(e,1,0)=1, then (52) preserves the measure
c(I) palo, I u) do dl, pp(@, I,0)=1. As long as (52) is C' and ce C?, we
can apply the following result.

Lemma 2. If (52) preserves the measure c([)pdpdl, then
O Iy, u)=0(u~*") and 0,p = O(u™*").

Proof. We assume by induction that Oyc(l)=u’@, and
p(o, I )= po(L, ) + u”* ' p (e, I 1), which is clearly true for p=0. We
have

c(]l) P((Pl, I],/l)
(o) p(@os Lo, )

1+pu™*+2e(ly) 8,y O(u)
=det N+2 +2 oY N+2 2
o(u™*7) 1+u?*20,(cOp) +u d/(c*Bn)
=1+u?*20,[c(1y) On(lo, 0)] + 4"+ an+0,[c*fn])
+O0(u" 3+ O(u™*3) (71)

On the other hand, making expansions, we obtain
o) ploy, 1, 1)
c(lo) p(@o, Lo, 1)
=1 +/‘p+2[€(]o) 'Qoa(opl((p01 Iy, 0) +c'(1p) Q_N(IO, 0)]
+#N+2C(Io) c'(Iy) Bu(@o, Iy, 0) + O(#p+3) + 0(ﬂN+3) (72)

Comparing (71) and (72), we obtain for p <N
Qoacppl((ﬂm 10,0)=51@_N(10,0) (73)

The left-hand side is a periodic function of ¢ with average 0. Hence,
the right-hand side must vanish. This implies d,p, =0 and O = const. But
this constant must be zero since @, is divisible by c¢(/). This proves p=N
by induction. For p = N, one obtains again that 9,8 is a periodic function
of ¢ with average 0, which proves the lemma. ||

In the C* case, we first do & — 1 changes of variables, so that the map
takes the form (52) with N=k —1 and is C'. Then we can apply the above
lemma, and finally we do the change of variables (53) with N=k, which
proves (49).
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In the analytic case, after N(u,) changes of variables, the lemma
implies that we can write @ y(I, u) =u™® y(I, 1), and Cauchy’s inequality
gives

w
1O 1)) S ———— (74
VSIS G = )
For u, =u,/3, we have
w M,
HCNES T T S (75)

which proves (47). 1

8. CONCLUSION

In this work on classical billiards in plane domains, we found that
some properties of bouncing maps, which are known in the Euclidean case,
can be generalized to the situation where a magnetic field is applied per-
pendicularly to the plane. Exact expressions for the Jacobian matrix and a
generating function help us to find periodic orbits, analyze their stability,
and compute bifurcation values. Perturbative calculations are improved.

Some aspects of the behavior of billiards in convex domains are well
understood: if the boundary is sufficiently smooth, the existence of whisper-
ing gallery modes prevents ergodicity, and when the magnetic field B goes
to infinity, the bouncing map behaves like a perturbed integrable map. We
were able to construct quasiinvariants, which are conserved for a time of
order B¥~3 if the boundary is C* and of order ¢? when the boundary is
analytic. Some of these properties remain valid for a more general class of
billiards, the boundary of which is not convex, but has a bounded curvature.

Chaotic behavior seems to be created by two different mechanisms:
nonlinearity (responsible, for instance, for chaotic components near
separatrices) and singularities (due to nonsmooth boundaries or discon-
tinuities by tangency). Nonlinearity alone is not sufficient to make a
magnetic billard ergodic, since we showed that there always exist invariant
curves if the boundary is C® and tangencies are impossible. This implies in
particular that billiards with boundaries of negative curvature are not
necessarily very chaotic. In any case where the billiard is of the mixed type,
the really challenging open problem remains to prove the existence of a
chaotic component of positive measure.

Finally, we discussed two examples of billiards fulfilling necessary con-
ditions for ergodicity (i.e., their bouncing maps have singularities). Our study
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of symmetric periodic orbits in the square led us to the conjecture that
ergodic and mixed dynamics alternate when the magnetic field increases.
However, only the first value of supposed ergodicity, =\/§/2, lies in the
region u>1/2, where no trivially integrable component of phase space
exists. The scattering billiard outside two circles shows strongly chaotic
dynamics, but still possesses elliptic orbits for some values of the
parameters. '

APPENDIX A. PROOF OF PROPOSITION 1

We consider the arc of trajectory in Fig. 2. If
a=arg[ (X(s,) — X(s0)) +1( ¥(s;) — Y(s0))] (A1)

is the angle between the x axis and P, P,, then we have

Go=o—15—
0 o— X (A2)
O=t,—a—y
Now, using (6) and /* = (X(s,) — X(50))> + (Y(s,) — Y(s,))°, we find
O 1 , ,
a=l_z [(Y(s)) — Y(s0)) X'(50) — (X(51) — X(50)) Y'(s50)]
V]
_ sinacos Tp—cosasin 7o sin(fy + )
B ! -
Oty (A3)
a—so—'f(so)—’fo
ox_ 1 1 al _cos(Bo+x)  cos(fp+x)siny
dsy cosy2udsy 2ucosy lcos y

where the last equality comes from the zero-field generating property of /:

a1
5*27[_X'(So)(X(Sl)—X(so))_ Y'(so) Y(s,) — Y(s0))]
So

= —CO0S & COS Tg— Sin & $in 7o = —cos{fy + x) (A4)
Collecting terms, we get

%_sin(90+2)()_h‘ @_ _ sin 6,
dsy  lcosy o dsy  lcosy

(AS5)
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Similarly, we find

%_ sin 6, %_ _sin(0,+2x)

ds, lcosy’ s, lcos i (A6)

These quantities give df, and d8, as function of ds, and ds,. Solving
a linear system, we can express ds, and df, as functions of ds, and d#,.
Finally, using du =sin 8 df, we obtain Egs. (7). |

APPENDIX B. PROOF OF PROPOSITION 2
Taking the derivative of (14) and using (6), we get

2B, 12\
—a—[——<1—4?> =COos y (Bl)

From simple geometry, we obtain

04

I .
5;)= —Elsm(f)o +x) (B2)

so that the derivative of (13) is

04 0B, 0l . .

E=1— —£ —= —sin y sin(@, + y) —cos y cos(8y + x) =u, (B3)
0sy p0sq Ol Osqy
where we have used (A4) and (6) again. We proceed in a similar way

for s,. 1

APPENDIX C. DISCONTINUITIES OF THE MAP DUE
TO TANGENCIES

The bouncing map is discontinuous either in the corners of the bound-
ary (se E,) or if the trajectory becomes tangent to the boundary. As can
be seen in Fig 4b, such a tangency means that there are two arbitrarily
close initial conditions z,, z, such that 7z, is far from Tz, but close to
T?z,. Then there exists a point z* between z, and z, such that T=* =
(s*, —1) [or(s*, +1)if 80 is not convex].

Let € =[0, |00|) x { —1, +1}. It can be written as the union of three
disjoint sets:

» The set %, of ze% such that T~'z does not exist.

e The set %, of ze¥ such that T~ 'ze 4.
o The set %, of ze % such that T™'z¢ 4.
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The set 2 of lines of discontinuity of T is T~ '%,.

To construct the sets %;, we first look for circles of radius x which are
inscribed in Q, ie., circles contained in @ and tangent to dQ at two points
or more. Let E be the set of abscissas §; of these contact points. Let E be
set of abscissas §; such that |p(5,)| =u. Then %, %,, and %, are delimited
by points with abscxssa in £, E, and E, (see ref. 15 for a more geometric
interpretation of these sets).

We illustrate this construction in the case of an elliptic boundary (15),
using ¢ instead of 5. Here we take ¢ =[0, |0Q|) x { —1}. Inscribed circles
exist if p, =A~'<u <1, and their contact points are solutions of

(Aw)* -1

2 c
SIN” @i ="5 (C1)
If Penin =4 7! <pt € pryax = A%, there are points @, given by
. (AP =1
sm (pj=7j— (C2)
If they exist, the solutions can be ordered,
0<P:1<P1<Po<P2<P3KP3<Py<Py<2m
They satisfy
Y@, —1)=(Ps_;, —1) for i=1,2,3,4 (C3)
lim T g, —1)=(¢;, —1) for j=1,3 (C4)

= @i+

Table I shows the resulting subsets of €. Following ideas in ref. 5, one
can look at the successive preimages %, = T~"%, of the lines of discon-
tinuity. Numerical simulations show that they densely fill the stochastic
layer near u= —1 (see Fig. 11).

Table I. The Sets %,, %;, and %, for an Elliptic Boundary

ME %o % ¢
(Oapmin] Q € g
(Pmin> 1] (@2, 3] (P4, @] [y, #2103, 64] (@1, 1) V{2, §2] U
x{—1} x{—1} (@3, @3) U (Pg, @alx {1}
(1, Prmax) (@2, $3]1 (B4, 9] %] (@1, §2] (@3, Pal

x{-1} x{—1}
[pmax’w) € Q g
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-1

Fig. 11. Behavior near u= —1 of the billiard in an ellipse when p . <g <puax (=1,
A=2): (a) chaotic orbit near u= —1, (b) the preimages 9,, n=1...15, of the line u= —1.

APPENDIX D. PROOF OF PROPOSITION 3

The following geometrical lemma describes some properties of convex
plane curves {which seem quite obvious if one draws a picture).

Lemma D1. Let D be a circular segment of angle 2ae(0, 7] and
radius 1. Let & be a strictly convex C? curve with extremities on the ver-
tices Ay, By of D, and making acute or right angles with the chord 4B,
(see Fig. 12). Then, if the curvature of ¥ is everywhere less than 1, it is
entirely contained in D and shorter than 2e.

Proof. We introduce coordinate axes as in Fig. 12. For —sina<
x <sina, € can be described by a function y(x), and the curvature is

¥"(x)

T T T

€(0,1) (DI1)

This equation can be integrated between the abscissa x, of the maximum
S, and x:

y’(v)——k(x)
VT k()]

[ (x)?] (D2)
k)= kCr)dy,, k)] <lx—x

X9
For xy— 1 <x <x¢+ 1, this implies

[7(x) = (M) = 1)1+ (x~xo)* 2 1 (D3)
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Fig. 12. Geometry of the circular segment of Lemma D.1.

and hence ¥ lies above the circle of radius 1 tangent to it at its summit S,,.
Now assume by contradiction that ¢ lies outside D between two points P
and P'. Let S be the point of ¥ furthest away from PP’. The circle of unit
radius tangent to € at .S cannot intersect D twice between P and P’, which
contradicts (D3).

If P and P’ are two points of %, we denote by PP’ the length of ¥
between these points. If P(x)=(x, y(x)), then for xo—1 <x<xy+ 1,

S P(x) =Jx [1+y'(x)*]"?dx, <Arcsin |x — x| (D4)
~o

Assume that x,<0. Then

Ay A, < Arcsin(xy + sin o) + Arcsin{ —x,) <«

by convexity of Arcsin. Considering the circular segment of vertices 4, and
B,, one obtains that 4, B, can be divided into two parts, one of which is
bounded by «/2. Repeating this procedure, we see that ¢ can be divided
into pieces whose lengths are bounded by a geometrical series, converging
toward 2o. |

Corollary. Let  be a C? plane convex curve, whose curvature
satisfies 0 < 1/p . < K(8) < 1/pmin < 0. Let I' be a circle of radius g < p ;...
Then:

1. I can be tangent to % at one point at most.
2. I can intersect ¥ at two points at most.

Assume that I intersects € at P and P’ and write 6, =% n Int I'. Then:

3. %, is shorter than mu.
4. The angles between PP’ and ¥, are acute.



Classical Billiards in a Magnetic Field 119

Fig. 13. Geometry of the trajectories for a convex billiard in strong magnetic field.

Proof. Assuming that condition 1 or 2 is false, one can construct a
counterexample of the lemma (one may have to translate I"). Conditions 3
and 4 are obvious if one considers all the circles of radius i containing P
and P'. |}

We now proceed to the proof of the proposition.

Choose two points P and P’ on Q. They can be connected by two,
one, or no arc of trajectory, depending on whether their distance is smaller
than, equal to, or larger than 2u. In each of the first two cases, we call s,
and s, their abscissas, as in Fig. 13. We define

6=(s0—s,)(2'10d [80]) (D5)

The corollary and our sign conventions imply that 0 < ¢ < z. Moreover, the
arcs cannot intersect @ at a point different from P or P'.

Following the proof of Proposition 2, it is easy to show that the two
trajectories can be described by the generating functions

G* (50, 51) = — © A(s, . 50) + ub <M> (D6)
I 2u

in the sense that dG* =uj ds,—ui ds,. Here, /€ (0, 2u] and A are defined
in Fig. 13, and
b(x) = Arcsin x + x(1 — x?)!72
(D7)
B(x)=2(1 —x2)'
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The functions 4 and / are directly related to the shape of dQ, which
we describe using the function z(s), which has the following properties:

1. 1(s+19Q|)=1(s) + 2=

2. Tl(s)=K(S)e[l/pmax’ 1/pmin]'
3. [l el gy =0.

If I(sy, 5,) is the vector connecting the points of abscissas s, and s,, we
have

l(so,s,)=rl t(s) ds

30

U(sq, )= rl ds rl ds' (t(s) | t(s"))
=f ds j” ds’ cos[z(s) = o(s')] (D8)

Alsor5)) = ds 15, 5) A t(s)]

S0

s K
=%J dsf ds’ sin[ 7(s) — t(s")]
S0 50
Carrying out the change of variables s=s5,+ uot, we obtain I(s,, 5,)> =
W2al(sy, uo), A(sy, so) = 31°c’I'(s,, o), where

o 0
I(sy, 1o) =J | dtj 1 dr' cos T(sy, pot, uot')

0 ]
I'(so, ﬂa)=j ldtf ' sin T(so, wot, o) (D9)

T(sq, uot, uot') =t(sq+ pat) — 1(se + uot')

If the boundary is C? one gets T= O(uo), I=1+ O(ua), I' = O(uo), and
thus G*(sy, 5,, 1) = ug*(a, s4, 1), where g*(a, 54, 0) = +b(5/2) does not
depend on s,. From this fact, we can already guess the structure of
the map. Indeed, uf =0,g* +ud, g*, uf=0,g%, and thus uf =
ug +ud, g* =ug + 0(u*).

However, G is not sufficiently smooth around /=2u to be expanded.
We proceed in a slightly different way: taking derivatives of (D8), we
obtain

ol u 0A u 0A U
_—— —_— = _— = K’ D
a5, 177 as, 2°0 &, 2° (D10)
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where
0
J(s9, uo) =J dt cos T(sy, 0, uat)
-1

0

K(s,, 40) =j dtsin T(so, 0, o)

0
K'(sq, po) =J dt cos T(sy, uat, —uo)
—1

121

(D11)

Note that if the boundary is C¥, the above integrals are all C*~'. Differen-

tiating (D6), we get

+

oG
Osq

+ _
Uy =

201 104

? 184

=4(1-—) —
_< 4,U2> Oso 1 0sg

1 L\ 1
=_<I—ZJ'I> Ea]—iaK

1 2 1 ,\J?
(u0+§aK> —<I—Za I)—I—

41(1 —u2) =4I 'sin2 6,

=0 K2+ J*)I—~40 cos 0y KI+4(I—J?)

= (0, i, 8o, 0)

(D12)

When the boundary is C*, we have I=1+ O(u’c?), J=1+ O(yu’c?),
and K= 1k(s,) o + O(u?c?), so that @y =0[ 1 —2 cos Oy r(se)pt + O(u?)].

If we write o =2 sin 8, 4, then

0 = ¢(l7, !l, So, 00)

V-]

=1—n[1—cos By x(se)pt +O(1*)]

o=2sinf y

(D13)

The function @ has the properties @(,, 0, 54, y) =0, where no=1,
and 0,9D(n,, 0, 59, 09) = —1. Thus, the implicit function theorem implies
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that in a neighborhood of =0, # can be expressed as a C*~! function
of 4, 55, and 8,. This function can be constructed using Newton’s method:
if 7o=1 and
77M+ l(SOs 00’ /-l) = ’7;1(30’ 00a /1) + ¢(’7n(50a 90’ /l)a ,Ll, SOa 00)
then @(n,,, i, 5o, 0o) = O(u"*"). For k=3, we get
7(Sq» Bg, 1) = 1 +cos 0, K(so)pt + O(u?) (D14)

The first equation of (41) is obtained by using s,=s,—uo=
So— 2u 8in By, e,

2 2
“(50,00’,“):;‘[1_’7(%,00”“)]66‘,\_— (D15)

Note that if we had used the variable u instead of 8, we would not have
been able to apply the implicit function theorem when u — + 1. Indeed, the
map expressed in the variables (i, s) contains the factor (1 —uZ)'”.

To obtain the second equation of (41), we observe that [see (B2)]

91—002(0|+X)—(00+X)

. (2084 . 204
:[n—Arcsm <76_sl>] —[n—Arcsm <— 755—())]

K . (K )

= Arcsin (——> — Arcsin <——> =0(u-c?) (D16)
J1 JI

where we have used point 4 of the corollary to choose the determination

of Arcsin. As a consequence,

4n? . (K . [ K
b(sg, 0y, 1) =—— [Arcsm <—> — Arcsin <—>J
0T T g JI JI

e k3

a=2sinly gy

(D17)

Higher orders of the expansions of ¢ and b can be obtained by com-
puting expansions of 7, J, K, K’, and 5 up to the desired order and
replacing them in (D15) and (D17). |

APPENDIX E. SYMMETRIC ORBITS OF PERIOD 4k IN
THE SQUARE

We want to study the existence and stability of 4k-periodic trajec-
tories, similar to the one shown in Fig. 7f, where k=2. As shown in
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(a) (b)

0

= X yy x
M

Fig. 14. Geometry of symmetric 4k-periodic trajectories in the square.

Fig. 14, such trajectories can be characterized by numbers x, y or x', '
satisfying

{2k.\'+2(k+1)y=1 0sy<3

2y2 + 2xy + X2 =y 0<2y+x<3
(El)

{2kx’+2(k—1)y’=1 0y

2y12+2xtyr+x12=/_l’.’ 0<X’<%

These equations have three different kinds of solutions

1+R -~ <l
) = ——m —_
Y+ Zokiy1y M SESS
1-R 1
= S SuUSo
Y- 2(k2+1)’ Hy U 2% (EZ)
. —1+R L_ 1
=>73 v SIS
FT =Ny %M k-
where
312 1
R=[1—(k>+ 1)1 —4k%}>)]",

‘“k_=2(k—2+l_)'ﬁ (E3)

Using (7), we find that the stability matrix for & bounces is

S_( C ;¢(1—C2)><1 —2#c>k—'
T\ =1/u C 0 1

< C u(l—(2k—1)C2)>
—1/u (2k—-1)C

(E4)
t=%Tr Sk=Ck
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where
C=cotgf=—2—= 2 _ (E5)
y+x Yy +x
Now, since
Sae =S, ITr Sy =8t4—8r*+1 (E6)

the total orbit is hyperbolic if |¢| > 1, parabolic if |t] =0, 1/ﬁ, I, and
elliptic otherwise. Applying this to (E4), we find that y  -orbits are hyper-
bolic as soon as u >y, , y_-orbits are never hyperbolic, and y’-orbits are
hyperbolic if p > u,;", where

(k2 +1)'72
g = E7
We have thus obtained that symmetric 4k-periodic orbits may be stable
only if u, <t <pu,". These bounds have the properties

U < L <ui
Kk <~y <Hk

Wi >uf if k>2

We see that when x < u;, no 4k-periodic orbit exists. At 4=y, , a pair of
such orbits with opposite stability appears in a saddle-node bifurcation.
The stable one loses stability at 4 =u;f. Numerical simulations show that
new stable orbits are created, but they quickly lose stability for some
pu=p¥. For k>2, this happens long before a 4(k—1)-periodic orbit
appears at u =p,_,, and since no other stable orbits can be found in the
interval, we are led to the conjecture that the billiard in a square is ergodic
when p¥ <p<p; .

APPENDIX F. ELLIPTIC ORBITS OF PERIOD 6 OUTSIDE
TWO CIRCLES

We want to show that the billiard outside two circles described in Sec-
tion 6.2 possesses elliptic orbits for some values of the parameters.

The trajectory depicted in Fig. 10b for u=2A=1 turns out to be
linearly marginally stable for these values of the parameters if we apply (7).
Thus we have to analyze its stability for nearby values of u and A.
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Fig. 15. Geometry of period-6 trajectories outside two circles. We show a quarter of the
trajectory, which is symmetric with respect to the coordinate axes.

The trajectory can be characterized by two angles §' and ¢, as
in Fig. 15. The other angles are then given by y,=zn/2+46 —¢/2,
x2=0"+¢—mn/2. Using the relations pusiny,=((x—¢)/2) and
€os @ + 4 sin y, = A, we obtain the system

1+ cos @ =u*(1 +cos(p —26'))
. (F1)
cosp—pucos(p+8)=21
For small values of e=u —1 and 6 =4 —1, it has the solution
7 1 1
0=-——Fe+—=04+0(2)
Pp=c———et+—=06+0(2)
3V

where O(2) stands for terms of order &, 62, &d. The Jacobian matrices M,
and M, for the two types of bounces can now be computed using (7), with
0;,=n—0" and /; cos y; = u sin(2y;). The stability matrix of the orbit is given
by S¢=(S;)% S;=M;M,. We obtain

t

ITrS;=—-1—-12+65+ 0(2)
3 (F3)

= 1TrS¢=2r—1=1+48:—245+ 0(2)

Hence, for small § and &, the orbit is elliptic for & >2e+ O(¢?), ie., for
A>2u—1+0(u—1)?), in a neighborhood of A=pu=1.

822/83/1-2.9
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